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ABSTRACT
Recently, a reduction from the problem of solving parity games to the satisfiability problem in
propositional logic (SAT) have been proposed in [5], motivated by the success of SAT solvers in
symbolic verification. With analogous motivations, we show how to exploit the notion of energy
progress measure to devise a reduction from the problem of energy games to the satisfiability
problem for formulas of propositional logic in conjunctive normal form.

1. INTRODUCTION
Energy games (EG) are two-players games played on weighted graphs, where the integer weight
associated to each edge represents the corresponding energy gain/loss. The arenas of energy
games are endowed of two types of vertices: in player 0 (resp. player 1) vertices, player 0 (resp.
player 1) chooses the successor vertex from the set of outgoing edges and the game results in an
infinite path through the graph. Given an initial credit of energy c, the objective of player 0 is to
maintain the sum of the weights (the energy level) positive. The decision problem for EG asks,
given a weighted game graph with initial vertex v 0, if there exists an initial credit for which
player 0 wins from v 0.
Energy games have been introduced in [3, 2] to model the synthesis problem within the design of
reactive systems that work in resource-constrained environments. Beside their applicability to the
modeling of quantitative problems for computer aided design, EG have tight connections with
important problems in game theory and logic. For instance, they are log-space equivalent to
mean-payoff games (MPG) [2], another kind of quantitative two-player game very well studied
both in economics and in computer science. The latter are characterized by a theoretically
engaging complexity status, being one of the few inhabitants of the complexity class NP∩coNP
(for which the inclusion in P is still an open problem). Moreover, parity games [4, 6]—
notoriously known as poly-time equivalent to the model-checking problem for the modal mucalculus—are in turn poly-time reducible to MPG and EG. It is a long-standing open question to
know whether the model-checking problem for the modal mu-calculus is in P.
The algorithm with the currently best (pseudopolynomial) complexity for solving EG (and MPG
via log-space reduction) is based on the so-called notion of energy progress measure [7].
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Progress measures for weighted graphs are functions that impose local conditions to ensure global
properties of the graph. A notion of parity progress measure [6] was previously exploited in [6]
for the algorithmic analysis of parity games and reconsidered in [5] to devise a SAT encoding of
the corresponding games, motivated by the considerable success that using SAT solvers has had
in symbolic verification. As a matter of fact, clever heuristics implemented in nowadays SAT
solvers can result in algorithms that are very efficient in practice. Furthermore, there are
fragments of SAT that can be solved in polynomial time. Hence, the reduction in [5] opens up a
new possibility for showing inclusion of parity games in P.
Motivated by analogous reasons, in this paper we show how to exploit the notion of energy
progress measure to devise a reduction from the problem of energy games to the satisfiability
problem for formulas of propositional logic in conjunctive normal form. Tight upper bounds on
the sizes of our reductions are also reported.
The paper is organized as follows.We recall the notions of energy games and energy progress
measure in Section 2. Section 3 and Section 4 develop the reductions from energy games to
difference logic and pure SAT, respectively, reporting tight bounds on the sizes of the
corresponding reductions.

2. PRELIMINARIES
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2.1 Difference Logic

3. ENCODING EG WINNING STRATEGIES IN DIFFERENCE LOGIC
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4. SOLVING ENERGY GAMES BY A REDUCTION TO SAT
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5. CONCLUSIONS
We devise efficient encodings of the energy games problem into the satisfiability problem for
formulas of difference logic and pure propositional logic in conjunctive normal form. Tight upper
bounds on the sizes of the given reductions are also reported. Due to the success of nowadays
SAT solvers in symbolic verification, the proposed encodings could result in algorithms that are
very efficient in practice. Furthermore, they could open up new possibilities for devising tight
bounds on the complexity of the energy games problem, as there are fragments of SAT that can
be solved in polynomial time.
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